Abstract. The species abundance distribution (SAD) is one of the most intensively studied distributions in ecology and its hollow-curve shape is one of ecology's most general patterns. We examine the SAD in the context of all possible forms having the same richness (S) and total abundance (N), i.e. the feasible set. We find that feasible sets are dominated by similarly-shaped hollow-curves, most of which are highly correlated with empirical SADs (most R 2 values > 75%), revealing a strong influence of N and S on the form of the SAD and an a priori explanation for the ubiquitous hollow-curve. Empirical SADs are often more hollow and less variable than the majority of the feasible set, revealing exceptional unevenness and relatively low natural variability among ecological communities. We discuss the importance of the feasible set in understanding how general constraints determine observable variation and influence the forms of predicted and empirical patterns. 
INTRODUCTION
The species abundance distribution (SAD) is one of the most widely studied patterns in ecology and exhibits a consistent structure with many rare and few common species; the canonical "hollow curve" (McGill et al. 2007 ). The form of the SAD has been predicted by a variety of models based on an array of different processes including niche differentiation (e.g. Sugihara 1980 ), stochastic population dynamics (e.g. We refer to each uniquely-shaped SAD within the feasible set as a macrostate (i.e. an unordered vector of unlabeled species abundances). This differs from a microstate, which refers to a unique distribution of individuals among species leading to a specific macrostate. The terms feasible set, macrostate, and microstate have been used in recent applications of entropy SADs have shapes similar to those near the center of the feasible set, then there may be little ecological information in the shape of the SAD beyond that contained in N and S. Since most of the observable forms of the abundance distribution have shapes that are very similar to this central tendency, many different processes will result in distributions of the same general form as will many different models. This observation goes beyond the issue of equivalent models (e.g., Pielou 1975 , McGill et al. 2007 , suggesting that many different models and empirical patterns may be expected to take similar forms because most possible states of the pattern are similar in shape (White et al. 2012). However, if the shape of an SAD is exceptional to the majority of shapes with the same N and S, then this exceptional evenness or unevenness would require an explanation, especially if consistent across communities. Consequently, the feasible set provides a context for understanding whether predicted and empirical patterns are exceptional to or representative of the majority of possible forms. As such, studies of the SAD would benefit from considering the shape of the SAD relative to the feasible set, rather than the shape of the SAD per se.
Here, we explore general properties of the feasible set and reveal the strength of the influence of N and S on the shape of the SAD. We use the feasible set as a contextual framework for understanding how richness and abundance necessarily constrain ecological patterns. We show that most of the possible SAD shapes are similarly-shaped hollow-curves, revealing an a priori reason for the ubiquitous hollow-curve. Using one of the most taxonomically diverse and geographically expansive data compilations in community ecology, we show that the central tendency of the feasible set is strongly correlated with empirical SAD patterns within and among sites for birds, mammals, trees, and metagenomic datasets of prokaryotes and fungi. Moving beyond single SADs, we use ensembles of SADs with the same values of N and S to assess relationships between the variance predicted by the feasible set and that observed in ecological systems. We discuss the importance of using the feasible set as a context for understanding variation in the forms of empirical patterns and the inference that can be drawn from models that successfully predict them. values of N and S, the form of the feasible set space can be determined by randomly sampling macrostates from the feasible set. We used the random partition algorithm described by Nijenhuis and Wilf (1978) and implemented in Sage to generate uniform random samples of feasible sets.
METHODS

Finding macrostates of feasible sets
The partitioning algorithm we used, and all currently implemented integer partitioning algorithms, generates random partitions (i.e. macrostates) based on N but not S. We randomly drew partitions of N and rejected partitions that did not have S parts; an approach that can be computationally expensive. For example, randomly drawing one macrostate for N = 1,000 and S = 10 requires drawing from a feasible set of nearly 2.4x10 31 macrostates, one of the roughly 8.9x10 14 for which S = 10; a probability of nearly 3.7x10 -17 . Consequently, we used substantial We chose the integer partitioning approach to the feasible set over the random walk method used by Haegeman and Loreau (2008) because it is conceptually simpler and, by definition, yields uniform random samples of the feasible set without requiring decisions regarding burn-in periods and the number of steps between samples. However, this approach can be very slow for some combinations of N and S, and further research comparing the speed and accuracy of these two approaches would be valuable.
Data
We used a subset of previously compiled datasets of site-specific species abundance data studies that generated the metagenomic data used in our study.
We used SAD data from region-to-global scale PCR-targeted projects from the metagenomics server MG-RAST (Meyer et al. 2008 ). PCR-targeted (i.e. amplicon sequenced) approaches provide better overall coverage of a specific gene (e.g. 16S rRNA) than a random shotgun approach by sequencing an amplified target gene. We used the rRNA library provided by MG-RAST (i.e. M5RNA) to obtain SAD data for each metagenome used in our study. We The terrestrial fungi dataset was a global-scale survey of fungal community data sampled from indoor habitats of human cities (Amend et al. 2010) . Detailed information about each metagenome project is available on the MG-RAST website (http://metagenomics.anl.gov/) and additional details on our use of microbial metagenomes is available in Appendix S1.
Our compilation of data is taxonomically diverse. As such, there are differences among our datasets that should be recognized. First, despite our use of accepted species level delineations for microbes, these species and communities do not represent the same ecological and evolutionarily meaningful units as our other datasets, i.e., genetically distinct populations of biological species. Whereas our macrobial data represent a few well-known members of one domain (i.e. Eukaryota), our microbial datasets include many poorly understood members from all three. Second, whereas abundances in macrobial datasets were reported as counts of individuals, taxonomic abundance and identification of microbes in natural environments is commonly derived from DNA harvested from environmental samples; individual counts are not practical. Third, among macrobial datasets there are large differences in how communities were sampled (e.g. plot counts of trees, transects for breeding birds, multiple trapping/sampling methods for mammals) (see Appendix S1).
Form of SADs in the Feasible Set
The canonical, hollow-curve, form of the species abundance distribution includes large numbers of rare species and small numbers of abundant species, leading to frequency distributions with the mode at small values of N and long, right-skewed, tails. To determine if this form is common in the set of possible SADs we analyzed the distribution of modal abundance class, species evenness, and skewness within the feasible set for a variety of N and S combinations and N/S ratios. We avoided extremely large values of S because values of S close to N are uncommon in nature and constrain the SAD to a nearly even vector of singletons. We used uniform random samples of 500 macrostates for each N-S combination in this analysis.
These numbers are large enough to characterize the general form of the feasible set and small enough to permit doing so in reasonable time (Fig. 1 of Appendix S2).
Comparing Observed Data to Central Tendencies of Feasible Sets
We determined which SAD represented the center of each feasible set by generating 300 to 500 random macrostates from the feasible set (generating 500 random macrostates for some combinations of N and S was untenable). Random samples of 300, 500, and 700 macrostates produce equivalent results (Fig 1. of Appendix S2). We chose the macrostate that overlapped the most on average with other random macrostates across the S ranked abundances. In the case of a tie, we favored the macrostate having the more evenly distributed overlap across ranked abundances (i.e. the macrostate with the smaller variance in overlap with other macrostates).
This yielded SADs that were centered within the densest regions of random samples (Fig. 2 of Appendix S2), and hence, within the central tendency of the feasible set. We compared this central SAD for each community to the observed SAD using rank-abundance distributions (RADs). Specifically we compared the observed value of abundance at each rank (most abundant to least abundant) at each site to the abundance at that same rank from the SAD representing the central tendency of the feasible set. We used log-transformed values of abundance at each rank (not log-transformed bins; see Nekola et al. 2008 ) to make visual comparisons and calculate R values following Marks & Muller-Landau (2007) to avoid overweighting rare species, to address heteroscedasticity, and because we are generally more interested in proportional differences in abundance within a rank rather than absolute differences.
RESULTS
The majority of possible SAD shapes exhibit the classic hollow-curve form with modes at low abundance classes and positive skewness, revealing an overall hollow-curve shape for most of the macrostates in the feasible set (Fig. 1, see also Fig 3 of Appendix S2 ). The specific form of the distribution is influenced by the values of N, S, and average species abundance (i.e. N/S), which are associated with modal abundance, species evenness, and skewness of the SAD (Fig 2) . This means that differences in community structure among sites (or directional changes along gradients) could result from the constraining influence of N and S. For realistic values of average abundance, the portion of highly uneven macrostates in the feasible set will increase as N is partitioned across a greater number of species. However, as average abundance approaches 1.0, the SAD must necessarily become highly even.
Observed ranked abundances were often similar to those near the central tendency of the feasible set, both within and across sites for trees, animals, and microorganisms (Fig 3) . The SAD at the central tendency of the feasible set consistently explained the majority of variation in observed abundance distributions both within sites and among entire datasets (R However, clear deviations from the form of the central tendency did occur and were strongest among microbial metagenomes where the central tendency of the feasible set contained lower abundances for dominant species and higher abundances for rare species than the observed communities. We observed the same pattern for microbes regardless of whether species were defined at 95, 97, or 99% (Fig. 4 of Appendix S2).
Because many of the possible SADs are similar, the similarity between the center of the feasible set and the observed data means that the shapes of observed SADs tend to look very similar to the majority of possible shapes, suggesting a strong influence of the limits of observable variation on natural variation. Evaluating the correlation between the observed SAD and all random macrostates shows that randomly choosing a macrostate will often produce a distribution that is well correlated with observed data (Fig 4) . This was most obvious for BBS, where the majority of randomly sampled macrostates explained more than 80% of observed variation in abundance for nearly all sites.
DISCUSSION
The hollow-curve SAD has been referred to as an ecological law and is thought to be universal across taxa (McGill et al. 2007 ). This pattern is also observed in non-biological ). This is particularly important when comparing sites that differ in N and S, since differences in evenness can be expected based purely on differences in the feasible set (Figure 2, Fig 5 Appendix S2). Consequently, comparisons of species evenness that do not account for the feasible set are primarily comparisons of N and S.
In addition to contextualizing single communities, ensembles of sites with shared values of N and S can be used to compare distributions of a property across communities to the distribution of that property in the feasible set. Conducting this analysis using FIA data and species evenness (E var ; Smith and Wilson 1996) reveals that, while the modal values of E var for feasible sets and FIA sites were often similar, the distribution of E var across the feasible set was broader than that of empirical distributions (Fig. 5 ).This relatively low natural variability could indicate that interactions between ecological processes and statistical phenomena prevent the extreme values of evenness that are otherwise possible. Additionally, the tendency for the distribution of empirical E var values to be concentrated at lower or higher values of E var was related to average abundance (i.e. N/S), with higher N/S leading to lower E var (i.e. lower evenness) for both empirical SADs and the feasible set. While the general decrease in species evenness with average abundance can be explained by the feasible set (Fig. 2) , the actual change in empirical E var outpaced that of the feasible set (Fig 5) , suggesting that mechanisms leading to unevenness may strengthen as N/S increases (e.g. via positive frequency dependence), but not so much that the lowest possible range of species evenness is attained.
While the feasible set reveals that a small number of community-related constraints may explain the general shape of the SAD by limiting observable variation, it also demonstrates that in some cases empirical patterns deviate directionally from the majority of possible states ( Figure   3 ) and are more tightly clustered than expected ( Figure 5) . Consequently, the ecological interactions of individuals, populations, and species may be needed to explain the specific form of ecological patterns as well as the frequent occurrence of exceptionally uneven SADs and the rare occurrence of exceptionally even ones. High degrees of competition and dispersal limitation, and low degrees of invasiveness may all lead to the degrees of excessive dominance or unevenness that are commonly observed among microorganisms and macroorganisms and which cannot be attributed to the constraining influences of N and S. However, without the feasible set it would not possible to recognize that this degree of unevenness and its relatively low natural variability are exceptional.
The feasible set approach focuses on the observable variation among the possible forms The idea that empirical SADs may be more similar to the form with the greatest number of microstates than to the form closest to the center of the feasible set is complicated by the fact that MaxEnt yields different predictions depending on the specific approach to the problem (Haegeman & Etienne 2010) . In cases where the number of constraints is small, it is unlikely that the most likely macrostate from one of the several MaxEnt approaches will occur at the center of the feasible set. In fact, Haegeman and Loreau (2008) consider differences between MaxEnt predictions and the center of the feasible set to be a necessary condition for applications of Figure 2 ; 2.) a shift in the distribution of empirical E var towards lower evenness that out-paces the changing mode of the feasible set; and 3) a more narrow distribution of observed E var values than expected from sampling from the feasible set.
